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Hodge cycle , $\ell$ \tilde ,
. , CM
, Hodge cycle
. , Hodge cycle $([\mathrm{Y}3|, [\mathrm{Y}4|)$ Jacobi $([\mathrm{A}],$ $[\mathrm{Y}$
$2])$ CM .
1. Hodge Cycle.
$A$ $\mathbb{C}$ type $(K, S)$ $d$ CM . ( [S-T],
[L] .) $0<P<d$ $P$ ,
$H^{2p}(A, \mathbb{Q})\cap Hp(A, \Omega^{p})$
$P$ Hodge cycle . .
{divisor class cycles} $\subseteq$ {algebraic cycles} $\subseteq$ {Hodge cycles}
2 Hodge $([\mathrm{S}2|)$ . Divisor
class Hodge cycle exceptional Hodge cycle . Exceptional
Hodge cycle , Hodge /
, ideal Gauss degeneration
, .
$A$ , $k\geq 1$ $A^{k}$ exceptional
Hodge cycle , $A$ stably nondegenerate $([\mathrm{H}1])$ . Stably
nondegenerate $A$ Hodge . , $A$
stably nondegenerate $A$ exceptional Hodge cycle
, Ribet (CM ) .
,
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$\bullet$ $K$ $\mathbb{Q}$ (H. Lenstra Jr.),
$\bullet$ (P. White),
$([\mathrm{W}])$ . White $\mathrm{G}\mathrm{a}1(K/\mathbb{Q})\cong \mathbb{Z}/2\mathbb{Z}\cross \mathbb{Z}/2\mathbb{Z}\cross$
$\mathbb{Z}/5\mathbb{Z}\cross D_{5}$ 100 .
$A$ exceptional Hodge cycle ([T],
$r$
$[\mathrm{R}2],$ $[\mathrm{Y}1])$ .
exceptional Hodge cycle , ( – )
. $A$ tyPe $(K, S)$ simple CM .
$\bullet$ 1960 , Mumford 4 $A$ exceptional Hodge cycle
. ( ?[P] . )
$\bullet$ $I\{’$ exceptional Hodge cycle
. ( $[\mathrm{S}1],$ $[\mathrm{R}1]$ .)
$\bullet$ , $\ell$ $A$ $y=X(\ell a1-x)$ $(1\leq a\leq\ell-2)$
Jacobian variety (Fermat ) simple , $K$
$\mathbb{Q}(\zeta_{l})$ , $A$ exceptional Hodge cycle , $(\mathbb{Z}/l\mathbb{Z})^{\mathrm{x}}$
$\chi$ $\chi(a+1)=\chi(a)+1$
. $(l, a)$ $(67, 6)$ , $(127, 11)$ , $(139, 16)$ , $\ldots$
. ([G] .) , Hodge cycle algebraic
(Shioda $[\mathrm{S}1]$).
$\bullet$ $K$ $\mathbb{Q}$ Galois Dodson
$([\mathrm{D}])$ .
$\bullet$
$\ell$ $l\equiv 1$ (mod 4) , genus
$\underline{\ell-1}$
,
Jacobian variety $A$ exceptional Hodge cycle
$\ovalbox{\tt\small REJECT}_{\text{ } }$ .
, $K=\mathbb{Q}(\zeta_{l}+\zeta_{\ell}^{-}1, \sqrt{-1})$ $([\mathrm{T}\mathrm{T}\mathrm{V}]\rangle$ .
$\bullet$ $K$ $\mathbb{Q}$ $\mathrm{G}\mathrm{a}1(K/\mathbb{Q})\cong \mathbb{Z}/pqr\mathbb{Z}$ ($p,$ $q,$ $r$
) , If $A$ exceptional Hodge cycle
. (Lenstra “pqr-example ”, $[\mathrm{R}1]$ .)
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CM $K$ $\mathbb{C}$ , $\Gamma$ $K$ $\mathbb{C}$
2
. $\mathrm{H}_{1}(A, \mathbb{Q})\cong K$
$\mathrm{H}^{1}(A, \mathbb{C})=\mathrm{H}\mathrm{o}_{\ovalbox{\tt\small REJECT}(\mathrm{H}_{1}}(A, \mathbb{Q}),$
$\mathbb{C})\cong \mathrm{H}_{\mathrm{o}\mathrm{m}_{\mathbb{Q}}}(K, \mathbb{C})=\oplus \mathbb{C}\sigma\sigma\in\Gamma$
, Hodge
$\mathrm{H}^{n}(A, \mathbb{C})=$
$\oplus(\ovalbox{\tt\small REJECT} \mathrm{H}^{1,0}\otimes\ovalbox{\tt\small REJECT} \mathrm{H}^{0,1})$ , $\mathrm{H}^{1,0}\cong\oplus \mathbb{C}\sigma$, $\mathrm{H}^{0,1}\cong\oplus \mathbb{C}\tau$
$P\geq \mathit{0}^{q}\mathrm{P}+,-q\geq^{n}0-$
$\sigma\in S$ $\tau\in S\rho$
. ($\rho$ complex conjugation) , $(\mathrm{H}^{2p}(A, \mathbb{Q})\mathrm{n}\mathrm{H}^{\ovalbox{\tt\small REJECT},p})\otimes \mathbb{C}$
(complex valued. Hodge cycle) $\Gamma$ $([\mathrm{P}])$ , Hodge cycle
, ideal Gauss $([\mathrm{Y}2], [\mathrm{Y}3])$ .
2. .
, CM $I\mathrm{t}^{\nearrow}$ CM exceptional
Hodge cycle .
$([\mathrm{Y}4])$ .
. $K\supset K_{1}\supset I\mathrm{f}_{2}$ $\mathbb{C}$ CM , $\Gamma,$ $\Gamma_{1},$ $\Gamma_{2}$
$\mathbb{C}$ . $\pi_{1}$ : $\Gamma$. $arrow\Gamma_{1},$ $\pi_{12}$ : $\Gamma_{1}arrow\Gamma_{2}$ canonical




$\pi_{12}(\mathcal{T})=\mu$ $\tau\in\Gamma_{1}$ $\#\{\sigma\in S|\pi_{1}(\sigma)=\tau\}=a\mu$ .
, tyPe $(K, S)$ CM $A$ simple , $A$ ex-
$\mathrm{c}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{i}_{\mathrm{o}1})\mathrm{a}1$ Hodge cycle .
. (1) $K\supset I\iota_{1}^{\nearrow}\supset\Lambda_{2}’$ $(*)$ $S$
, $A$ simple .
(2) $A$ , Hodge .
(3) $\mu\in\Gamma_{2}$ $\tau,$ $\tau^{l}\in\Gamma_{1}$ $\tau\neq\tau’,$ $\pi_{12}(\tau)=\pi 12(\tau’)=\mu$ ,




$A$ (complex valued) exceptional Hodge cycle .
, cohomology $\mathrm{H}^{n}(A, \mathbb{C})$ $\Gamma$
, $\mathrm{A}\mathrm{u}\mathrm{t}(\mathbb{C})$ Hodge cycle
. , $\Gamma$ $\Gamma_{1},$ $\Gamma_{2}$ (coset) ,
$\mathrm{A}\mathrm{u}\mathrm{t}(\mathbb{C})$ ( !).
. $K$ 37 $\mathbb{Q}(\zeta \mathrm{s}7)$ , $K_{1},$ $K_{2}$ $\mathbb{Q}$ 12 4
. CM $S\subset\Gamma=\mathrm{G}\mathrm{a}1(K/\mathbb{Q})\cong(\mathbb{Z}/37\mathbb{Z})^{\mathrm{x}}$ $(*)$
. $s=\{1,2,3,7,12,14,15,16,18,20,24,26,27,28,29,31,32,33\}$ .
, type $(K, S)$ 18 $A$ 3 exceptional
Hodge cycle . ( 1,10,21,25,26,28 $\Gamma$








:36 $\Gamma$ , 12 $\Gamma_{1}$ (coset), 4
$\Gamma_{2}$ (coset) . $\rho$
. $S$ . exceptional
Hodge cycle .
, 2 CM $A,$ $B$ , $A,$ $B$ excep-
tional Hodge cycle , $A\cross B$
92
. $A,$ $B$ IV ( CM )
, stably nondegenerate $A\cross B$
$([\mathrm{H}2])$ .
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